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What is radiative transfer?

The transmission of electromagnetic radiation through a medium
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Why is radiative transfer difficult?

Angular hp-Adaptivity for Radiative Transfer

• High dimensional

Three in space… Two in angle…

And one in wavelength!

Relative Cost of Physics Packages in 
SCREAM

Radiation

Other

Clouds and 
Moist Processes

Credit: B. Hillman, Reducing the cost of radiative transfer in multi-scale atmosphere models. Electronically, 2019.



Why is radiative transfer difficult?
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• High dimensional

• Sharp gradients

In space… And angle!



The discontinuous Galerkin spectral element 
method with hp-adaptivity
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Continuous Galerkin Spectral Element (SE) DG SE with h-Adaptivity

DG SE with hp-AdaptivityDiscontinuous Galerkin (DG) SE

Local features
resolved by
h-refinement

High-order
convergence by
p-refinement

Error ~ 𝐷𝑂𝐹𝑠−𝑝/𝑑

Highly parallelizable



The DGSEM for Radiative Transfer
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Ƹ𝑠 ⋅ ∇ Ԧ𝑥𝑢 Ԧ𝑥, Ƹ𝑠 + 𝛽𝑒 Ԧ𝑥  𝑢 Ԧ𝑥, Ƹ𝑠 − 𝛽𝑒 Ԧ𝑥  𝜔 Ԧ𝑥 න
𝒮

Φ Ƹ𝑠, Ƹ𝑠′  𝑢 Ԧ𝑥, Ƹ𝑠′ 𝑑 Ƹ𝑠′ = 𝛽𝑒 Ԧ𝑥 1 − 𝜔 Ԧ𝑥  𝐵 Ԧ𝑥, Ƹ𝑠
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Ƹ𝑠 ⋅ ∇ Ԧ𝑥𝑢 Ԧ𝑥, Ƹ𝑠

𝑃𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛

+ 𝛽𝑒 Ԧ𝑥  𝑢 Ԧ𝑥, Ƹ𝑠

𝐸𝑥𝑡𝑖𝑛𝑐𝑡𝑖𝑜𝑛

− 𝛽𝑒 Ԧ𝑥  𝜔 Ԧ𝑥 න
𝒮

Φ Ƹ𝑠, Ƹ𝑠′  𝑢 Ԧ𝑥, Ƹ𝑠′ 𝑑 Ƹ𝑠′

𝑆𝑐𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔

= 𝛽𝑒 Ԧ𝑥 1 − 𝜔 Ԧ𝑥  𝐵 Ԧ𝑥, Ƹ𝑠

𝐵𝑙𝑎𝑐𝑘𝑏𝑜𝑑𝑦 𝑅𝑎𝑑𝑖𝑎𝑡𝑖𝑜𝑛
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Ƹ𝑠 ⋅ ∇ Ԧ𝑥𝑢 Ԧ𝑥, Ƹ𝑠

𝑃𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛

+ 𝜅 Ԧ𝑥  𝑢 Ԧ𝑥, Ƹ𝑠

𝐸𝑥𝑡𝑖𝑛𝑐𝑡𝑖𝑜𝑛

− 𝜎 Ԧ𝑥 න
𝒮

Φ Ƹ𝑠, Ƹ𝑠′  𝑢 Ԧ𝑥, Ƹ𝑠′ 𝑑 Ƹ𝑠′

𝑆𝑐𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔

= 𝑓 Ԧ𝑥, Ƹ𝑠

𝐹𝑜𝑟𝑐𝑖𝑛𝑔

𝐶 Spatial Basis

𝐼𝑛 𝑥: 𝜙𝑖
𝐶 𝑥 , 𝑖 = 0, … , 𝑛𝑥

𝐶 − 1

𝐼𝑛 𝑦: 𝜓𝑗
𝐶 𝑦 , 𝑗 = 0, … , 𝑛𝑦

𝐶 − 1
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Ƹ𝑠 ⋅ ∇ Ԧ𝑥𝑢 Ԧ𝑥, Ƹ𝑠

𝑃𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛

+ 𝜅 Ԧ𝑥  𝑢 Ԧ𝑥, Ƹ𝑠

𝐸𝑥𝑡𝑖𝑛𝑐𝑡𝑖𝑜𝑛

− 𝜎 Ԧ𝑥 න
𝒮

Φ Ƹ𝑠, Ƹ𝑠′  𝑢 Ԧ𝑥, Ƹ𝑠′ 𝑑 Ƹ𝑠′

𝑆𝑐𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔

= 𝑓 Ԧ𝑥, Ƹ𝑠

𝐹𝑜𝑟𝑐𝑖𝑛𝑔

𝑢ℎ𝑝
𝐶,𝐾

Ԧ𝑥, Ƹ𝑠 = 

𝑎=0

𝑛𝜃
𝐾−1



𝑗=0

𝑛𝑦
𝐶−1



𝑖=0

𝑛𝑥
𝐶−1

𝑢𝑖𝑗𝑎
𝐶,𝐾

 𝜙𝑖
𝐶 𝑥  𝜓𝑗

𝐶 𝑦  𝜉𝑎
𝐾 𝜃

Spatial Basis

𝐼𝑛 𝑥: 𝜙𝑖
𝐶 𝑥 , 𝑖 = 0, … , 𝑛𝑥

𝐶 − 1

𝐼𝑛 𝑦: 𝜓𝑗
𝐶 𝑦 , 𝑗 = 0, … , 𝑛𝑦

𝐶 − 1

𝐾

Angular Basis

𝜉𝑎
𝐾 𝜃 , 𝑎 = 0, … , 𝑛𝜃

𝐾 − 1
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− 𝜎 Ԧ𝑥 න
𝒮

Φ Ƹ𝑠, Ƹ𝑠′  𝑢 Ԧ𝑥, Ƹ𝑠′ 𝑑 Ƹ𝑠′

𝑆𝑐𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔

+ 𝜅 Ԧ𝑥  𝑢 Ԧ𝑥, Ƹ𝑠

𝐸𝑥𝑡𝑖𝑛𝑐𝑡𝑖𝑜𝑛

Ƹ𝑠 ⋅ ∇ Ԧ𝑥𝑢 Ԧ𝑥, Ƹ𝑠

𝑃𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛



The DGSEM for Radiative Transfer

Angular hp-Adaptivity for Radiative Transfer

− 𝜎 Ԧ𝑥 න
𝒮

Φ Ƹ𝑠, Ƹ𝑠′  𝑢 Ԧ𝑥, Ƹ𝑠′ 𝑑 Ƹ𝑠′

𝑆𝑐𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔

 
𝑃𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛

− + 𝜅 Ԧ𝑥  𝑢 Ԧ𝑥, Ƹ𝑠

𝐸𝑥𝑡𝑖𝑛𝑐𝑡𝑖𝑜𝑛
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− 𝜎 Ԧ𝑥 න
𝒮

Φ Ƹ𝑠, Ƹ𝑠′  𝑢 Ԧ𝑥, Ƹ𝑠′ 𝑑 Ƹ𝑠′

𝑆𝑐𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔

 
𝑃𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛

− +

 
𝐸𝑥𝑡𝑖𝑛𝑐𝑡𝑖𝑜𝑛
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𝑃𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛

− +

 
𝐸𝑥𝑡𝑖𝑛𝑐𝑡𝑖𝑜𝑛

−

 
𝑆𝑐𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔
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𝑃𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛

− +

 
𝐸𝑥𝑡𝑖𝑛𝑐𝑡𝑖𝑜𝑛

−

 
𝑆𝑐𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔

 
𝐵𝑙𝑜𝑐𝑘 𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙

 
𝐵𝑙𝑜𝑐𝑘 𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙

 
𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙

Each block can be computed simultaneously

Many blocks can be reused between refinements
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Spatial hp-adaptivity for radiative transfer
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Credit: S. Du, S. Stechmann, J. Comput. Phys., 2023



Spatio-angular hp-adaptivity for radiative transfer
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Results coming soon!

Enabled by PETSc and MPI

Relatively memory-intensive and computationally-expensive
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