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Both long-range and 
short-range 

dynamical order
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Daly et al., J. Phys. Chem. B 2016, 120, 49

Electric fields in the range of
0.01-0.02 au ≈ 5-10 V/nm

Strong orientation and solvent
caging effects



Soft X-ray Spectroscopy
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Soft X-ray Spectroscopy
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X-ray photon
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Ultrafast X-Ray Spectroscopy
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Computational Methodology

• Orbital relaxation is a dominant effect: how to 
explicitly or implicitly handle this?

• How to recover electron correlation?

• What is the optimal basis set?

• How to study the effect of the environment?
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Computational Methodology
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Computational Methodology
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Uh-oh!
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Tensor Factorization



Tensor Factorization

p q

r s
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Tensor Factorization

𝑝𝑝𝑝𝑝 𝑟𝑟𝑟𝑟 ≈�
𝐽𝐽

𝐵𝐵𝑝𝑝𝑝𝑝
𝐽𝐽 𝐵𝐵𝑞𝑞𝑞𝑞

𝐽𝐽

p q

r s

J

p q

r s
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Tensor Factorization

𝑝𝑝𝑝𝑝 𝑟𝑟𝑟𝑟 ≈�
𝐽𝐽

𝐵𝐵𝑝𝑝𝑝𝑝
𝐽𝐽 𝐵𝐵𝑞𝑞𝑞𝑞

𝐽𝐽

p q

r s

J

p q

r s

= Density Fitting, Cholesky Decomposition, RI, etc.

Reduced storage, but NOT reduced cost!
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Tensor Factorization

𝑝𝑝𝑝𝑝 𝑟𝑟𝑟𝑟 ≈�
𝜆𝜆

𝑈𝑈𝑝𝑝𝜆𝜆𝑉𝑉𝑞𝑞𝜆𝜆𝑊𝑊𝑝𝑝
𝜆𝜆𝑋𝑋𝑞𝑞𝜆𝜆

p q

r s

λ

p q

r s
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Tensor Factorization

𝑝𝑝𝑝𝑝 𝑟𝑟𝑟𝑟 ≈�
𝐽𝐽

(𝐵𝐵𝐵𝐵)𝑝𝑝𝑝𝑝𝑅𝑅 𝑋𝑋𝑞𝑞𝑅𝑅𝑋𝑋𝑞𝑞𝑅𝑅
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Tensor Factorization

𝑝𝑝𝑝𝑝 𝑟𝑟𝑟𝑟 ≈�
𝑅𝑅𝑅𝑅

𝑋𝑋𝑝𝑝𝑅𝑅𝑋𝑋𝑝𝑝𝑅𝑅𝑉𝑉𝑅𝑅𝑅𝑅𝑋𝑋𝑞𝑞𝑅𝑅𝑋𝑋𝑞𝑞𝑅𝑅
p q

r s
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Tensor Factorization

𝑝𝑝𝑝𝑝 𝑟𝑟𝑟𝑟 ≈�
𝑅𝑅𝑅𝑅

𝑋𝑋𝑝𝑝𝑅𝑅𝑋𝑋𝑝𝑝𝑅𝑅𝑉𝑉𝑅𝑅𝑅𝑅𝑋𝑋𝑞𝑞𝑅𝑅𝑋𝑋𝑞𝑞𝑅𝑅
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r s
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A Grid!
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Tensor Factorization

𝑝𝑝𝑝𝑝 𝑟𝑟𝑟𝑟 ≈�
𝑅𝑅𝑅𝑅

𝑋𝑋𝑝𝑝𝑅𝑅𝑋𝑋𝑝𝑝𝑅𝑅𝑉𝑉𝑅𝑅𝑅𝑅𝑋𝑋𝑞𝑞𝑅𝑅𝑋𝑋𝑞𝑞𝑅𝑅

𝑋𝑋𝑝𝑝𝑅𝑅 = 𝜓𝜓𝑝𝑝(𝑥𝑥𝑅𝑅)

𝑝𝑝𝑝𝑝 𝑟𝑟𝑟𝑟 = ∬𝜓𝜓𝑝𝑝 𝑟𝑟1 𝜓𝜓𝑝𝑝 𝑟𝑟1
1

𝑟𝑟1 − 𝑟𝑟2
𝜓𝜓𝑞𝑞 𝑟𝑟2 𝜓𝜓𝑞𝑞 𝑟𝑟2 𝑑𝑑𝑟𝑟1𝑑𝑑𝑟𝑟2

≈ �
𝑅𝑅≠𝑅𝑅

𝑋𝑋𝑝𝑝𝑅𝑅𝑋𝑋𝑝𝑝𝑅𝑅
𝑤𝑤𝑅𝑅𝑤𝑤𝑅𝑅
𝑟𝑟𝑅𝑅 − 𝑟𝑟𝑅𝑅

𝑋𝑋𝑞𝑞𝑅𝑅𝑋𝑋𝑞𝑞𝑅𝑅 + “diagonal term”

≈�
𝑅𝑅𝑅𝑅

𝑋𝑋𝑝𝑝𝑅𝑅𝑋𝑋𝑝𝑝𝑅𝑅𝑉𝑉𝑅𝑅𝑅𝑅𝑋𝑋𝑞𝑞𝑅𝑅𝑋𝑋𝑞𝑞𝑅𝑅

Quite similar to DFT grids:
𝐸𝐸𝑥𝑥𝑥𝑥 = ∫ 𝑓𝑓 𝜌𝜌(𝑟𝑟), 𝜏𝜏(𝑟𝑟), … 𝑑𝑑𝑟𝑟

     ≈ ∑𝑅𝑅 𝑓𝑓(𝜌𝜌(𝑥𝑥𝑅𝑅) , 𝜏𝜏 𝑥𝑥𝑅𝑅 , … )𝑤𝑤𝑅𝑅
 𝜌𝜌 𝑥𝑥𝑅𝑅 = ∑𝜇𝜇𝜇𝜇 𝑋𝑋𝜇𝜇𝑅𝑅𝑋𝑋𝜇𝜇𝑅𝑅𝑃𝑃𝜇𝜇𝜇𝜇
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Tensor Factorization

a i b j

a i b j

R ST

X X X X𝑡𝑡𝑖𝑖𝑖𝑖𝑎𝑎𝑎𝑎 ≈�
𝑅𝑅𝑅𝑅

𝑋𝑋𝑎𝑎𝑅𝑅𝑋𝑋𝑖𝑖𝑅𝑅𝑇𝑇𝑅𝑅𝑅𝑅𝑋𝑋𝑎𝑎𝑅𝑅𝑋𝑋𝑖𝑖𝑅𝑅
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Δ𝐸𝐸
/𝐸𝐸

Two-electron
Integral
factorization

Wavefunction 
(amplitude) 
factorization

Tensor Factorization



Which Basis Functions?

𝑇𝑇2 = 𝑈𝑈Σ𝑉𝑉𝑇𝑇

𝑋𝑋𝑎𝑎𝑅𝑅𝑋𝑋𝑖𝑖𝑅𝑅 = 𝑌𝑌𝑎𝑎𝑖𝑖𝑅𝑅 = 𝑄𝑄𝑄𝑄

𝑓𝑓 = 𝑈𝑈Σ𝑉𝑉𝑇𝑇𝑄𝑄 𝐹𝐹
2/ Σ 𝐹𝐹

2
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Option 1:

Option 2: Δ𝐸𝐸𝑇𝑇𝑇𝑇𝑇𝑇 𝑦𝑦 = |𝐸𝐸𝑇𝑇𝑇𝑇𝑇𝑇 𝑌𝑌 ∪ 𝑦𝑦 − 𝐸𝐸𝑇𝑇𝑇𝑇𝑇𝑇 𝑌𝑌 |

Sara Beth Becker Dr. James Thorpe Chao Yin



Which Basis Functions?
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𝐸𝐸𝑇𝑇𝑇𝑇𝑇𝑇  = Tr �𝑉𝑉𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇  = Tr[ �𝑉𝑉𝑌𝑌𝑆𝑆−1𝑌𝑌𝑇𝑇𝑇𝑇𝑌𝑌𝑆𝑆−1𝑌𝑌𝑇𝑇]
Δ𝐸𝐸𝑇𝑇𝑇𝑇𝑇𝑇 𝑦𝑦 = 2𝜇𝜇−1Tr �𝑉𝑉𝐵𝐵𝐵𝐵𝑇𝑇𝑇𝑇𝑌𝑌𝑆𝑆−1𝑌𝑌𝑇𝑇

                                   +𝜇𝜇−2Tr �𝑉𝑉𝐵𝐵𝐵𝐵𝑇𝑇𝑇𝑇𝐵𝐵𝐵𝐵𝑇𝑇

𝐵𝐵 = 𝐼𝐼 − 𝑌𝑌𝑆𝑆−1𝑌𝑌𝑇𝑇 𝑦𝑦
𝜇𝜇 = 𝑦𝑦𝑇𝑇 𝐼𝐼 − 𝑌𝑌𝑆𝑆−1𝑌𝑌𝑇𝑇 𝑦𝑦



Rij (au) θ  (deg.)

Which Basis Functions?
⟨𝐸𝐸

𝑦𝑦
⟩ 𝑎𝑎
𝑖𝑖𝑏𝑏

 (a
u)

𝑒𝑒𝑖𝑖−

𝑒𝑒𝑖𝑖− θ
CSGF Program Review, July 19th 2023 29

Kohn: “nearsigtedness” 
on the order of 𝜆𝜆 = ℎ

𝑝𝑝



Rij (au) θ  (deg.)

Which Basis Functions?
⟨𝐸𝐸

𝑦𝑦
⟩ 𝑎𝑎
𝑖𝑖𝑏𝑏

 (a
u)

𝑒𝑒𝑖𝑖−

𝑒𝑒𝑖𝑖− θ
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Kohn: “nearsigtedness” 
on the order of 𝜆𝜆 = ℎ

𝑝𝑝

λ



HPC Implementation
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HPC Implementation
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HPC Implementation
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HPC Implementation
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HPC Implementation
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𝐸𝐸𝑃𝑃𝑃𝑃𝑇𝑇 = 2�
𝑈𝑈𝑎𝑎𝑖𝑖

�
𝑅𝑅

�
𝑄𝑄

�
𝑒𝑒

�
𝑎𝑎

�
𝑅𝑅
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𝑖𝑖

�
𝑃𝑃

�𝑋𝑋𝑒𝑒𝑃𝑃 �𝑋𝑋𝑖𝑖𝑃𝑃𝑇𝑇𝑃𝑃𝑄𝑄
1 �𝑋𝑋𝑖𝑖𝑈𝑈 �

𝑓𝑓

��𝑋𝑋𝑓𝑓𝑅𝑅 �𝑋𝑋𝑓𝑓
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𝑄𝑄 ��𝑋𝑋𝑎𝑎𝑅𝑅 �
𝑉𝑉
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HPC Implementation
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𝐸𝐸𝑃𝑃𝑃𝑃𝑇𝑇 = 2�
𝑈𝑈𝑎𝑎𝑖𝑖
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BLAS ???
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How BLAS BLIS Works

BLAS-Like 
Library 
Instantiation 
Software Field Van Zee
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Variant 1 (m):

… …x

 

…

Variant 2 (n):

Variant 3 (k): …

…

 

 

x

x

…

C A B
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Variant Name Blocking 
factor(s):

Reuse data 
from:

3 (k) Micro-kernel 1 Registers
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Variant Name Blocking 
factor(s):

Reuse data 
from:

1 (m) IR loop MR L1 cache

3 (k) Micro-kernel 1 Registers
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Variant Name Blocking 
factor(s):

Reuse data 
from:

2 (n) JR loop NR L2 cache

1 (m) IR loop MR L1 cache

3 (k) Micro-kernel 1 Registers
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Variant Name Blocking 
factor(s):

Reuse data 
from:

Pack A MR, KC

2 (n) JR loop NR L2 cache

1 (m) IR loop MR L1 cache

3 (k) Micro-kernel 1 Registers
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Variant Name Blocking 
factor(s):

Reuse data 
from:

1 (m) IC loop IC L3 cache

Pack A MR, KC

2 (n) JR loop NR L2 cache

1 (m) IR loop MR L1 cache

3 (k) Micro-kernel 1 Registers

CSGF Program Review, July 19th 2023 45



Variant Name Blocking 
factor(s):

Reuse data 
from:

Pack B NR, KC

1 (m) IC loop IC L3 cache

Pack A MR, KC

2 (n) JR loop NR L2 cache

1 (m) IR loop MR L1 cache

3 (k) Micro-kernel 1 Registers
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Variant Name Blocking 
factor(s):

Reuse data 
from:

3 (k) PC loop KC

Pack B NR, KC

1 (m) IC loop IC L3 cache

Pack A MR, KC

2 (n) JR loop NR L2 cache

1 (m) IR loop MR L1 cache

3 (k) Micro-kernel 1 Registers

CSGF Program Review, July 19th 2023 47



Variant Name Blocking 
factor(s):

Reuse data 
from:

2 (n) JC loop NC

3 (k) PC loop KC

Pack B NR, KC

1 (m) IC loop IC L3 cache

Pack A MR, KC

2 (n) JR loop NR L2 cache

1 (m) IR loop MR L1 cache

3 (k) Micro-kernel 1 (KR) Registers
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GEMM Variant 2
NC = 3000

GEMM Variant 3
KC = 192

PACK Matrix B

PACK Matrix A

GEMM Variant 1
MC = 120

GEMM Macrokernel
with

GEMM Microkernel
MR=6, NR=8
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But why limit ourselves?
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GEMM Variant 2
NC = 3000

GEMM Variant 3
KC = 192

PACK Matrix B

PACK Matrix A

GEMM Variant 1
MC = 120

GEMM Macrokernel
with

GEMM Microkernel
MR=6, NR=8

Can I put extra 
computation 

here?
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GEMM Variant 2
NC = 3000

GEMM Variant 3
KC = 192

PACK Matrix B

PACK Matrix A

GEMM Variant 1
MC = 120

GEMM Macrokernel
with

GEMM Microkernel
MR=6, NR=8

Can I load data 
from a different 

format?
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GEMM Variant 2
NC = 3000

GEMM Variant 3
KC = 192

PACK Matrix B

PACK Matrix A

GEMM Variant 1
MC = 120

GEMM Macrokernel
with

GEMM Microkernel
MR=6, NR=8

Can I 
postprocess/

reduce/consume 
C?
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GEMM Variant 2
NC = 3000

GEMM Variant 3
KC = 192

PACK Matrix B

PACK Matrix A

GEMM Variant 1
MC = 120

GEMM Macrokernel
with

GEMM Microkernel
MR=6, NR=8

Can I insert 
another type of 
operation/node 

here?
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GEMM Variant 2
NC = 3000

GEMM Variant 3
KC = 192

PACK Matrix B

PACK Matrix A

GEMM Variant 1
MC = 120

GEMM Macrokernel
with

GEMM Microkernel
MR=6, NR=8

YES!
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BLIS
Framework

BLAS

BLAS

BLAS

BLAS

BLAS

BLAS
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BLIS
Framework

BLAS

BLAS

BLAS

BLAS

BLAS

BLAS

K-Nearest 
Neighbors

Tensor 
Contraction

Linkage Dis-
equilibrium

Image 
Convolution
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people.smu.edu/dmatthews
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CAREER CHE-2143725 
OAC-2003931 
CBET-2117574

ECRP DE-SC0022893 

N-2072-20210327 
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BLIS is a Community Project

Bryan
Marker

115+ contributors
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