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Fluid-solid interactions are 
as ubiquitous as life
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From animals swimming 
and squirming 
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To engineering machines 
and structures
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To blood flowing 
through our hearts
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To experiments on droplets 
in a microfluidic channel



Numerical methods for solid or fluid alone 
exploit their respective stress-strain responses
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Solid deformation: 
• Stress arises from deformation 
• Lagrangian mesh 
• Finite element analysis, material points, etc

LLNL GLVis logo, glvis.org 

Fluid flow: 
• Stress arises from deformation rate 
• Eulerian mesh 
• Finite difference, finite volume, etc

Neal M. Chaderjian, NASA/Ames
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Existing FSI methods often need to consider 
both Eulerian and Lagrangian coordinates

• Immersed boundary methods2 • Arbitrary Lagrangian-Eulerian1

- Intermediate mesh between fluid & solid

- Re-mesh to avoid excessive distortion

- Lagrangian points represent solid boundaries

- Use discrete Delta function to couple fluid & solid

1Dynaexamples.com, wave-structure interaction. 2Angelidis, D. SAFL, UMN 
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- Avoid meshing difficulties

Reference map technique (RMT) is fully 
Eulerian, i.e. it uses a single, Eulerian grid 
for both solid & fluid

RMT comes with several advantages:

- Easy representation of physics

- Relatively easy to parallelize

- Bonus: large deformation in solids
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x = �(X)
<latexit sha1_base64="U9MGDGhJ0op6OFgw5KmLfcCTtDg="></latexit><latexit sha1_base64="U9MGDGhJ0op6OFgw5KmLfcCTtDg="></latexit><latexit sha1_base64="U9MGDGhJ0op6OFgw5KmLfcCTtDg="></latexit><latexit sha1_base64="U9MGDGhJ0op6OFgw5KmLfcCTtDg="></latexit>

Deformation gradient:


Solid stress*:

* ^ denotes a constitutive function.

F = @�(X)
@X = @x

@X
<latexit sha1_base64="Ebztg7aQVNp6B5CQkG+0S0dzVbY="></latexit><latexit sha1_base64="9GLBwCA3fSOL0e3MVp1mmDY/5L0="></latexit><latexit sha1_base64="9GLBwCA3fSOL0e3MVp1mmDY/5L0="></latexit><latexit sha1_base64="JG8xM65ZnaBe5i0QMPEZPdN46Vw=">AAAB7nicZZDNSgMxFIUz9a+OVevaTbAILkqZcaPuBDcuKzi20A4lk7nThuZnSDJCGeoDuPUVXIkv5Bv4GGbaLmx7INzDCZeTfEnOmbFB8OPVdnb39g/qh/5Rwz8+OW02XowqNIWIKq50PyEGOJMQWWY59HMNRCQcesn0obrvvYI2TMlnO8shFmQsWcYosS7qjpqtoBMshLdNuDIttNKo+esPU0ULAdJSTowZhEFu45JoyyiHuT8sDOSETskYBs5KIsDE5eKdc3zpkhRnSrsjLV6k/zdKIoyZiaTtpiB2Uk07EW2cCLdcJWatQJApaKWEKyCSAt+ot9ltXDKZFxYkXbZnBcdW4YoETpkGavnMGUI1cx/AdEI0odbx8h2ZcJPDtomuO3ed8ClAdXSOLtAVCtENukePqIsiRFGK3tGH9+Z9el9LgDVvRfIMrcn7/gMCV5KZ</latexit><latexit sha1_base64="Qo3JItCag4IizL5kPqGlZXXRHms="></latexit><latexit sha1_base64="Qo3JItCag4IizL5kPqGlZXXRHms="></latexit><latexit sha1_base64="VTgOJK9ph4Z5eK5ytxrad6iMbqQ="></latexit><latexit sha1_base64="OMM4KaHClT9slhxnTX+eIqCiARM="></latexit><latexit sha1_base64="9GLBwCA3fSOL0e3MVp1mmDY/5L0="></latexit><latexit sha1_base64="9GLBwCA3fSOL0e3MVp1mmDY/5L0="></latexit><latexit sha1_base64="9GLBwCA3fSOL0e3MVp1mmDY/5L0="></latexit><latexit sha1_base64="9GLBwCA3fSOL0e3MVp1mmDY/5L0="></latexit><latexit sha1_base64="OMM4KaHClT9slhxnTX+eIqCiARM="></latexit>

� = �̂(F )
<latexit sha1_base64="YoLMTcM3dewk3hsimHul6ElFMnY="></latexit><latexit sha1_base64="YoLMTcM3dewk3hsimHul6ElFMnY="></latexit><latexit sha1_base64="YoLMTcM3dewk3hsimHul6ElFMnY="></latexit><latexit sha1_base64="YoLMTcM3dewk3hsimHul6ElFMnY="></latexit>

RMT is based on large deformation 
theory, going beyond linear elasticity

Reference state Current state
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x = �(X)
<latexit sha1_base64="U9MGDGhJ0op6OFgw5KmLfcCTtDg="></latexit><latexit sha1_base64="U9MGDGhJ0op6OFgw5KmLfcCTtDg="></latexit><latexit sha1_base64="U9MGDGhJ0op6OFgw5KmLfcCTtDg="></latexit><latexit sha1_base64="U9MGDGhJ0op6OFgw5KmLfcCTtDg="></latexit>

X = ⇠(x)
<latexit sha1_base64="skBDQa1d8qq4uOdoaJiS0gCJVBg="></latexit><latexit sha1_base64="skBDQa1d8qq4uOdoaJiS0gCJVBg="></latexit><latexit sha1_base64="skBDQa1d8qq4uOdoaJiS0gCJVBg="></latexit><latexit sha1_base64="skBDQa1d8qq4uOdoaJiS0gCJVBg="></latexit>

Reference state Current state

Reference map is the inverse motion function, 
always leads back to the reference state

Time evolution:


Velocity: 

Deformation gradient:


Solid Cauchy stress*:
* ^ denotes a constitutive function.

� = �̂(F )
<latexit sha1_base64="YoLMTcM3dewk3hsimHul6ElFMnY="></latexit><latexit sha1_base64="YoLMTcM3dewk3hsimHul6ElFMnY="></latexit><latexit sha1_base64="YoLMTcM3dewk3hsimHul6ElFMnY="></latexit><latexit sha1_base64="YoLMTcM3dewk3hsimHul6ElFMnY="></latexit>

@⇠

@t
+ (u ·r)⇠ = 0

<latexit sha1_base64="Tze+CvSw7Oz6huoh/KjiGSux/mg="></latexit><latexit sha1_base64="Tze+CvSw7Oz6huoh/KjiGSux/mg="></latexit><latexit sha1_base64="Tze+CvSw7Oz6huoh/KjiGSux/mg="></latexit><latexit sha1_base64="Tze+CvSw7Oz6huoh/KjiGSux/mg="></latexit>

F =
@x

@X
= (r⇠)�1

<latexit sha1_base64="KpCPalVESXgHIB5qm/c6jlgffaU="></latexit><latexit sha1_base64="KpCPalVESXgHIB5qm/c6jlgffaU="></latexit><latexit sha1_base64="KpCPalVESXgHIB5qm/c6jlgffaU="></latexit><latexit sha1_base64="KpCPalVESXgHIB5qm/c6jlgffaU="></latexit>

u
<latexit sha1_base64="+gqFrggaR3WtUGp5VAEXKIpp4Xk=">AAACAnicZVDLSgMxFM3UV62vqks3wSK4KGVGBHVXdOOygn1AO5RMetvG5jEkGaGULt271V9wJW79Ef/AzzDTzsK2B8I9nORwbk4Uc2as7/94ubX1jc2t/HZhZ3dv/6B4eNQwKtEU6lRxpVsRMcCZhLpllkMr1kBExKEZje7S++YzaMOUfLTjGEJBBpL1GSXWSY1OJHBS6BZLfsWfAa+SICMllKHWLf4WOj1FEwHSUk6MaQd+bMMJ0ZZRDtNCJzEQEzoiA2g7KokAE05m607xmVN6uK+0O9LimfrfMSHCmLGIym4KYofptENRxpFw5lQxCwGCjEArJVwAkRT4UrztX4cTJuPEgqTz9H7CsVU4LQT3mAZq+dgRQjVzH8B0SDSh1tWWVhMsF7FK6heVm0rwcFmq3mYd5dEJOkXnKEBXqIruUQ3VEUVP6BW9oXfvxfvwPr2v+dOcl3mO0QK87z8Hn5b2</latexit><latexit sha1_base64="+gqFrggaR3WtUGp5VAEXKIpp4Xk=">AAACAnicZVDLSgMxFM3UV62vqks3wSK4KGVGBHVXdOOygn1AO5RMetvG5jEkGaGULt271V9wJW79Ef/AzzDTzsK2B8I9nORwbk4Uc2as7/94ubX1jc2t/HZhZ3dv/6B4eNQwKtEU6lRxpVsRMcCZhLpllkMr1kBExKEZje7S++YzaMOUfLTjGEJBBpL1GSXWSY1OJHBS6BZLfsWfAa+SICMllKHWLf4WOj1FEwHSUk6MaQd+bMMJ0ZZRDtNCJzEQEzoiA2g7KokAE05m607xmVN6uK+0O9LimfrfMSHCmLGIym4KYofptENRxpFw5lQxCwGCjEArJVwAkRT4UrztX4cTJuPEgqTz9H7CsVU4LQT3mAZq+dgRQjVzH8B0SDSh1tWWVhMsF7FK6heVm0rwcFmq3mYd5dEJOkXnKEBXqIruUQ3VEUVP6BW9oXfvxfvwPr2v+dOcl3mO0QK87z8Hn5b2</latexit><latexit sha1_base64="+gqFrggaR3WtUGp5VAEXKIpp4Xk=">AAACAnicZVDLSgMxFM3UV62vqks3wSK4KGVGBHVXdOOygn1AO5RMetvG5jEkGaGULt271V9wJW79Ef/AzzDTzsK2B8I9nORwbk4Uc2as7/94ubX1jc2t/HZhZ3dv/6B4eNQwKtEU6lRxpVsRMcCZhLpllkMr1kBExKEZje7S++YzaMOUfLTjGEJBBpL1GSXWSY1OJHBS6BZLfsWfAa+SICMllKHWLf4WOj1FEwHSUk6MaQd+bMMJ0ZZRDtNCJzEQEzoiA2g7KokAE05m607xmVN6uK+0O9LimfrfMSHCmLGIym4KYofptENRxpFw5lQxCwGCjEArJVwAkRT4UrztX4cTJuPEgqTz9H7CsVU4LQT3mAZq+dgRQjVzH8B0SDSh1tWWVhMsF7FK6heVm0rwcFmq3mYd5dEJOkXnKEBXqIruUQ3VEUVP6BW9oXfvxfvwPr2v+dOcl3mO0QK87z8Hn5b2</latexit><latexit sha1_base64="+gqFrggaR3WtUGp5VAEXKIpp4Xk=">AAACAnicZVDLSgMxFM3UV62vqks3wSK4KGVGBHVXdOOygn1AO5RMetvG5jEkGaGULt271V9wJW79Ef/AzzDTzsK2B8I9nORwbk4Uc2as7/94ubX1jc2t/HZhZ3dv/6B4eNQwKtEU6lRxpVsRMcCZhLpllkMr1kBExKEZje7S++YzaMOUfLTjGEJBBpL1GSXWSY1OJHBS6BZLfsWfAa+SICMllKHWLf4WOj1FEwHSUk6MaQd+bMMJ0ZZRDtNCJzEQEzoiA2g7KokAE05m607xmVN6uK+0O9LimfrfMSHCmLGIym4KYofptENRxpFw5lQxCwGCjEArJVwAkRT4UrztX4cTJuPEgqTz9H7CsVU4LQT3mAZq+dgRQjVzH8B0SDSh1tWWVhMsF7FK6heVm0rwcFmq3mYd5dEJOkXnKEBXqIruUQ3VEUVP6BW9oXfvxfvwPr2v+dOcl3mO0QK87z8Hn5b2</latexit>
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Single system of governing equations for both 
phases; shared velocity and pressure fields

Full Fluid

Full Solid

�(x, t) = 0
<latexit sha1_base64="6kwa+nRPCkfgQAf6bOHd5kxqCJY="></latexit><latexit sha1_base64="6kwa+nRPCkfgQAf6bOHd5kxqCJY="></latexit><latexit sha1_base64="6kwa+nRPCkfgQAf6bOHd5kxqCJY="></latexit><latexit sha1_base64="6kwa+nRPCkfgQAf6bOHd5kxqCJY="></latexit>

* Solid contour shows deformation in the 
reference map filed, not in the grid

• Track reference map 
only within solid

(u, p)

<latexit sha1_base64="L6Dglk+kC1W4WA8bcQVmUsCKHYA="></latexit>

(u, p, ⇠)

<latexit sha1_base64="UEY0JEVJogsT0GWO8PPP0Ia8Lws="></latexit>

Full SolidFull Fluid

Transition 
Zone• Additional care at the 

interface

• Solid equation reassembles Navier-Stokes

�(x, t)
<latexit sha1_base64="TOtp5nsezepubgbCaT9re7RGcdU="></latexit><latexit sha1_base64="TOtp5nsezepubgbCaT9re7RGcdU="></latexit><latexit sha1_base64="TOtp5nsezepubgbCaT9re7RGcdU="></latexit><latexit sha1_base64="TOtp5nsezepubgbCaT9re7RGcdU="></latexit>

• Level-set,            , 
defines the interface



Extrapolation needed outside of solid 
But common methods not suitable for RMT3D
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Full SolidFull Fluid

Transition 
Zone

(u, p, ⇠)

<latexit sha1_base64="UEY0JEVJogsT0GWO8PPP0Ia8Lws="></latexit>

(u, p, ⇠)

<latexit sha1_base64="UEY0JEVJogsT0GWO8PPP0Ia8Lws="></latexit>

(u, p, ⇠)

<latexit sha1_base64="UEY0JEVJogsT0GWO8PPP0Ia8Lws="></latexit>

(u, p, ⇠)

<latexit sha1_base64="UEY0JEVJogsT0GWO8PPP0Ia8Lws="></latexit>

(u, p, ⇠)

<latexit sha1_base64="UEY0JEVJogsT0GWO8PPP0Ia8Lws="></latexit>

(u, p, ⇠)

<latexit sha1_base64="UEY0JEVJogsT0GWO8PPP0Ia8Lws="></latexit>

(u, p, ⇠)

<latexit sha1_base64="UEY0JEVJogsT0GWO8PPP0Ia8Lws="></latexit>

(u, p, ⇠)

<latexit sha1_base64="UEY0JEVJogsT0GWO8PPP0Ia8Lws="></latexit>

(u, p, ⇠)

<latexit sha1_base64="UEY0JEVJogsT0GWO8PPP0Ia8Lws="></latexit>

(u, p, ⇠)

<latexit sha1_base64="UEY0JEVJogsT0GWO8PPP0Ia8Lws="></latexit>

• Need to extrapolate into fluid 
(within transition zone)

• Need derivative at interface 
(time-stepping & solid stress)

• Ref. map exists in solid, but 
not fluid

Common/Old ways
• PDE-based methods, or 
• Level-set reinitialization + 
linear extrapolation

RMT3D way

“Onion” layers  
+  

Linear regression



Solid

Return to simplicity

⇠n
<latexit sha1_base64="dCyOtwT+OnVN+vJFFEjhJcFko/k=">AAACBXicZVDLTgIxFO34RHyhLt00EhMXhMwYE3VHdOMSExEMg6RT7kBDH5O2YySEvXu3+guujFu/wz/wM+wAC4GTNPfktCfn9kQJZ8b6/o+3tLyyurae28hvbm3v7Bb29u+NSjWFGlVc6UZEDHAmoWaZ5dBINBARcahH/evsvv4E2jAl7+wggZYgXcliRol10kMYCRw+s0fZLhT9sj8GXiTBlBTRFNV24TcfdhRNBUhLOTGmGfiJbQ2JtoxyGOXD1EBCaJ90oemoJAJMazjeeISPndLBsdLuSIvH6n/HkAhjBiIquSmI7WXT9kQJR8KZM8XMBAjSB62UcAFEUuBz8Ta+aA2ZTFILkk7S45Rjq3DWCe4wDdTygSOEauY+gGmPaEKtay7vqgnmi1gktdPyZTm4PStWrqYd5dAhOkInKEDnqIJuUBXVEEUCvaI39O69eB/ep/c1ebrkTT0HaAbe9x/zupie</latexit><latexit sha1_base64="dCyOtwT+OnVN+vJFFEjhJcFko/k=">AAACBXicZVDLTgIxFO34RHyhLt00EhMXhMwYE3VHdOMSExEMg6RT7kBDH5O2YySEvXu3+guujFu/wz/wM+wAC4GTNPfktCfn9kQJZ8b6/o+3tLyyurae28hvbm3v7Bb29u+NSjWFGlVc6UZEDHAmoWaZ5dBINBARcahH/evsvv4E2jAl7+wggZYgXcliRol10kMYCRw+s0fZLhT9sj8GXiTBlBTRFNV24TcfdhRNBUhLOTGmGfiJbQ2JtoxyGOXD1EBCaJ90oemoJAJMazjeeISPndLBsdLuSIvH6n/HkAhjBiIquSmI7WXT9kQJR8KZM8XMBAjSB62UcAFEUuBz8Ta+aA2ZTFILkk7S45Rjq3DWCe4wDdTygSOEauY+gGmPaEKtay7vqgnmi1gktdPyZTm4PStWrqYd5dAhOkInKEDnqIJuUBXVEEUCvaI39O69eB/ep/c1ebrkTT0HaAbe9x/zupie</latexit><latexit sha1_base64="dCyOtwT+OnVN+vJFFEjhJcFko/k=">AAACBXicZVDLTgIxFO34RHyhLt00EhMXhMwYE3VHdOMSExEMg6RT7kBDH5O2YySEvXu3+guujFu/wz/wM+wAC4GTNPfktCfn9kQJZ8b6/o+3tLyyurae28hvbm3v7Bb29u+NSjWFGlVc6UZEDHAmoWaZ5dBINBARcahH/evsvv4E2jAl7+wggZYgXcliRol10kMYCRw+s0fZLhT9sj8GXiTBlBTRFNV24TcfdhRNBUhLOTGmGfiJbQ2JtoxyGOXD1EBCaJ90oemoJAJMazjeeISPndLBsdLuSIvH6n/HkAhjBiIquSmI7WXT9kQJR8KZM8XMBAjSB62UcAFEUuBz8Ta+aA2ZTFILkk7S45Rjq3DWCe4wDdTygSOEauY+gGmPaEKtay7vqgnmi1gktdPyZTm4PStWrqYd5dAhOkInKEDnqIJuUBXVEEUCvaI39O69eB/ep/c1ebrkTT0HaAbe9x/zupie</latexit><latexit sha1_base64="JG8xM65ZnaBe5i0QMPEZPdN46Vw=">AAAB7nicZZDNSgMxFIUz9a+OVevaTbAILkqZcaPuBDcuKzi20A4lk7nThuZnSDJCGeoDuPUVXIkv5Bv4GGbaLmx7INzDCZeTfEnOmbFB8OPVdnb39g/qh/5Rwz8+OW02XowqNIWIKq50PyEGOJMQWWY59HMNRCQcesn0obrvvYI2TMlnO8shFmQsWcYosS7qjpqtoBMshLdNuDIttNKo+esPU0ULAdJSTowZhEFu45JoyyiHuT8sDOSETskYBs5KIsDE5eKdc3zpkhRnSrsjLV6k/zdKIoyZiaTtpiB2Uk07EW2cCLdcJWatQJApaKWEKyCSAt+ot9ltXDKZFxYkXbZnBcdW4YoETpkGavnMGUI1cx/AdEI0odbx8h2ZcJPDtomuO3ed8ClAdXSOLtAVCtENukePqIsiRFGK3tGH9+Z9el9LgDVvRfIMrcn7/gMCV5KZ</latexit><latexit sha1_base64="bEJbAzTqNnOj9SUoXAwJB1iWqh8=">AAAB+nicZZDNTgIxFIXv4B8iKrp100hMXBAy40bdmbhxiYkIBpB0ygUa+jNpO0ZC2Lt3q6/gyvguvoGPYQdYiJykuSenuTntFyeCWxeG30FubX1jcyu/Xdgp7u7tlw6K91anhmGdaaFNM6YWBVdYd9wJbCYGqYwFNuLRdXbfeEJjuVZ3bpxgR9KB4n3OqPPRQzuWpP3MH1W3VA6r4Uxk1UQLU4aFat3ST6Hd0yyVqBwT1NpWFCauM6HGcSZwWminFhPKRnSALW8VlWg7k9mLp+TEJz3S18Yf5cgs/bsxodLasYwrfkrqhtl0Q1khsfTLWWKXCiQdodFa+gKqGIp/9a5/0ZlwlaQOFZu391NBnCYZE9LjBpkTY28oM9x/gLAhNZQ5T67g0UT/Qaya+ln1shrdhpCHIziGU4jgHK7gBmpQBwYSXuEN3oOX4CP4nDPMBQuYh7Ck4OsXYXKXLg==</latexit><latexit sha1_base64="bEJbAzTqNnOj9SUoXAwJB1iWqh8=">AAAB+nicZZDNTgIxFIXv4B8iKrp100hMXBAy40bdmbhxiYkIBpB0ygUa+jNpO0ZC2Lt3q6/gyvguvoGPYQdYiJykuSenuTntFyeCWxeG30FubX1jcyu/Xdgp7u7tlw6K91anhmGdaaFNM6YWBVdYd9wJbCYGqYwFNuLRdXbfeEJjuVZ3bpxgR9KB4n3OqPPRQzuWpP3MH1W3VA6r4Uxk1UQLU4aFat3ST6Hd0yyVqBwT1NpWFCauM6HGcSZwWminFhPKRnSALW8VlWg7k9mLp+TEJz3S18Yf5cgs/bsxodLasYwrfkrqhtl0Q1khsfTLWWKXCiQdodFa+gKqGIp/9a5/0ZlwlaQOFZu391NBnCYZE9LjBpkTY28oM9x/gLAhNZQ5T67g0UT/Qaya+ln1shrdhpCHIziGU4jgHK7gBmpQBwYSXuEN3oOX4CP4nDPMBQuYh7Ck4OsXYXKXLg==</latexit><latexit sha1_base64="2I8SRL5kEDYMjm1fJ01S5jfzpxU=">AAACBXicZVDLTgIxFO3gC/GFunTTSExcEDLjRt0R3bjERATDIOmUO9DQx6TtGMmEvXu3+guujFu/wz/wMyyPhcBJmnty2pNze6KEM2N9/8fLrayurW/kNwtb2zu7e8X9g3ujUk2hThVXuhkRA5xJqFtmOTQTDUREHBrR4Hp833gCbZiSd3aYQFuQnmQxo8Q66SGMBA6f2aPsFEt+xZ8AL5NgRkpohlqn+FsIu4qmAqSlnBjTCvzEtjOiLaMcRoUwNZAQOiA9aDkqiQDTziYbj/CJU7o4VtodafFE/e/IiDBmKKKym4LY/njavijjSDjzWDFzAYIMQCslXACRFPhCvI0v2hmTSWpB0ml6nHJsFR53grtMA7V86AihmrkPYNonmlDrmiu4aoLFIpZJ/axyWQlu/VL1atZRHh2hY3SKAnSOqugG1VAdUSTQK3pD796L9+F9el/Tpzlv5jlEc/C+/wDyepia</latexit><latexit sha1_base64="dCyOtwT+OnVN+vJFFEjhJcFko/k=">AAACBXicZVDLTgIxFO34RHyhLt00EhMXhMwYE3VHdOMSExEMg6RT7kBDH5O2YySEvXu3+guujFu/wz/wM+wAC4GTNPfktCfn9kQJZ8b6/o+3tLyyurae28hvbm3v7Bb29u+NSjWFGlVc6UZEDHAmoWaZ5dBINBARcahH/evsvv4E2jAl7+wggZYgXcliRol10kMYCRw+s0fZLhT9sj8GXiTBlBTRFNV24TcfdhRNBUhLOTGmGfiJbQ2JtoxyGOXD1EBCaJ90oemoJAJMazjeeISPndLBsdLuSIvH6n/HkAhjBiIquSmI7WXT9kQJR8KZM8XMBAjSB62UcAFEUuBz8Ta+aA2ZTFILkk7S45Rjq3DWCe4wDdTygSOEauY+gGmPaEKtay7vqgnmi1gktdPyZTm4PStWrqYd5dAhOkInKEDnqIJuUBXVEEUCvaI39O69eB/ep/c1ebrkTT0HaAbe9x/zupie</latexit><latexit sha1_base64="dCyOtwT+OnVN+vJFFEjhJcFko/k=">AAACBXicZVDLTgIxFO34RHyhLt00EhMXhMwYE3VHdOMSExEMg6RT7kBDH5O2YySEvXu3+guujFu/wz/wM+wAC4GTNPfktCfn9kQJZ8b6/o+3tLyyurae28hvbm3v7Bb29u+NSjWFGlVc6UZEDHAmoWaZ5dBINBARcahH/evsvv4E2jAl7+wggZYgXcliRol10kMYCRw+s0fZLhT9sj8GXiTBlBTRFNV24TcfdhRNBUhLOTGmGfiJbQ2JtoxyGOXD1EBCaJ90oemoJAJMazjeeISPndLBsdLuSIvH6n/HkAhjBiIquSmI7WXT9kQJR8KZM8XMBAjSB62UcAFEUuBz8Ta+aA2ZTFILkk7S45Rjq3DWCe4wDdTygSOEauY+gGmPaEKtay7vqgnmi1gktdPyZTm4PStWrqYd5dAhOkInKEDnqIJuUBXVEEUCvaI39O69eB/ep/c1ebrkTT0HaAbe9x/zupie</latexit><latexit sha1_base64="dCyOtwT+OnVN+vJFFEjhJcFko/k=">AAACBXicZVDLTgIxFO34RHyhLt00EhMXhMwYE3VHdOMSExEMg6RT7kBDH5O2YySEvXu3+guujFu/wz/wM+wAC4GTNPfktCfn9kQJZ8b6/o+3tLyyurae28hvbm3v7Bb29u+NSjWFGlVc6UZEDHAmoWaZ5dBINBARcahH/evsvv4E2jAl7+wggZYgXcliRol10kMYCRw+s0fZLhT9sj8GXiTBlBTRFNV24TcfdhRNBUhLOTGmGfiJbQ2JtoxyGOXD1EBCaJ90oemoJAJMazjeeISPndLBsdLuSIvH6n/HkAhjBiIquSmI7WXT9kQJR8KZM8XMBAjSB62UcAFEUuBz8Ta+aA2ZTFILkk7S45Rjq3DWCe4wDdTygSOEauY+gGmPaEKtay7vqgnmi1gktdPyZTm4PStWrqYd5dAhOkInKEDnqIJuUBXVEEUCvaI39O69eB/ep/c1ebrkTT0HaAbe9x/zupie</latexit><latexit sha1_base64="dCyOtwT+OnVN+vJFFEjhJcFko/k=">AAACBXicZVDLTgIxFO34RHyhLt00EhMXhMwYE3VHdOMSExEMg6RT7kBDH5O2YySEvXu3+guujFu/wz/wM+wAC4GTNPfktCfn9kQJZ8b6/o+3tLyyurae28hvbm3v7Bb29u+NSjWFGlVc6UZEDHAmoWaZ5dBINBARcahH/evsvv4E2jAl7+wggZYgXcliRol10kMYCRw+s0fZLhT9sj8GXiTBlBTRFNV24TcfdhRNBUhLOTGmGfiJbQ2JtoxyGOXD1EBCaJ90oemoJAJMazjeeISPndLBsdLuSIvH6n/HkAhjBiIquSmI7WXT9kQJR8KZM8XMBAjSB62UcAFEUuBz8Ta+aA2ZTFILkk7S45Rjq3DWCe4wDdTygSOEauY+gGmPaEKtay7vqgnmi1gktdPyZTm4PStWrqYd5dAhOkInKEDnqIJuUBXVEEUCvaI39O69eB/ep/c1ebrkTT0HaAbe9x/zupie</latexit><latexit sha1_base64="dCyOtwT+OnVN+vJFFEjhJcFko/k=">AAACBXicZVDLTgIxFO34RHyhLt00EhMXhMwYE3VHdOMSExEMg6RT7kBDH5O2YySEvXu3+guujFu/wz/wM+wAC4GTNPfktCfn9kQJZ8b6/o+3tLyyurae28hvbm3v7Bb29u+NSjWFGlVc6UZEDHAmoWaZ5dBINBARcahH/evsvv4E2jAl7+wggZYgXcliRol10kMYCRw+s0fZLhT9sj8GXiTBlBTRFNV24TcfdhRNBUhLOTGmGfiJbQ2JtoxyGOXD1EBCaJ90oemoJAJMazjeeISPndLBsdLuSIvH6n/HkAhjBiIquSmI7WXT9kQJR8KZM8XMBAjSB62UcAFEUuBz8Ta+aA2ZTFILkk7S45Rjq3DWCe4wDdTygSOEauY+gGmPaEKtay7vqgnmi1gktdPyZTm4PStWrqYd5dAhOkInKEDnqIJuUBXVEEUCvaI39O69eB/ep/c1ebrkTT0HaAbe9x/zupie</latexit><latexit sha1_base64="JG8xM65ZnaBe5i0QMPEZPdN46Vw=">AAAB7nicZZDNSgMxFIUz9a+OVevaTbAILkqZcaPuBDcuKzi20A4lk7nThuZnSDJCGeoDuPUVXIkv5Bv4GGbaLmx7INzDCZeTfEnOmbFB8OPVdnb39g/qh/5Rwz8+OW02XowqNIWIKq50PyEGOJMQWWY59HMNRCQcesn0obrvvYI2TMlnO8shFmQsWcYosS7qjpqtoBMshLdNuDIttNKo+esPU0ULAdJSTowZhEFu45JoyyiHuT8sDOSETskYBs5KIsDE5eKdc3zpkhRnSrsjLV6k/zdKIoyZiaTtpiB2Uk07EW2cCLdcJWatQJApaKWEKyCSAt+ot9ltXDKZFxYkXbZnBcdW4YoETpkGavnMGUI1cx/AdEI0odbx8h2ZcJPDtomuO3ed8ClAdXSOLtAVCtENukePqIsiRFGK3tGH9+Z9el9LgDVvRfIMrcn7/gMCV5KZ</latexit><latexit sha1_base64="bEJbAzTqNnOj9SUoXAwJB1iWqh8=">AAAB+nicZZDNTgIxFIXv4B8iKrp100hMXBAy40bdmbhxiYkIBpB0ygUa+jNpO0ZC2Lt3q6/gyvguvoGPYQdYiJykuSenuTntFyeCWxeG30FubX1jcyu/Xdgp7u7tlw6K91anhmGdaaFNM6YWBVdYd9wJbCYGqYwFNuLRdXbfeEJjuVZ3bpxgR9KB4n3OqPPRQzuWpP3MH1W3VA6r4Uxk1UQLU4aFat3ST6Hd0yyVqBwT1NpWFCauM6HGcSZwWminFhPKRnSALW8VlWg7k9mLp+TEJz3S18Yf5cgs/bsxodLasYwrfkrqhtl0Q1khsfTLWWKXCiQdodFa+gKqGIp/9a5/0ZlwlaQOFZu391NBnCYZE9LjBpkTY28oM9x/gLAhNZQ5T67g0UT/Qaya+ln1shrdhpCHIziGU4jgHK7gBmpQBwYSXuEN3oOX4CP4nDPMBQuYh7Ck4OsXYXKXLg==</latexit><latexit sha1_base64="bEJbAzTqNnOj9SUoXAwJB1iWqh8=">AAAB+nicZZDNTgIxFIXv4B8iKrp100hMXBAy40bdmbhxiYkIBpB0ygUa+jNpO0ZC2Lt3q6/gyvguvoGPYQdYiJykuSenuTntFyeCWxeG30FubX1jcyu/Xdgp7u7tlw6K91anhmGdaaFNM6YWBVdYd9wJbCYGqYwFNuLRdXbfeEJjuVZ3bpxgR9KB4n3OqPPRQzuWpP3MH1W3VA6r4Uxk1UQLU4aFat3ST6Hd0yyVqBwT1NpWFCauM6HGcSZwWminFhPKRnSALW8VlWg7k9mLp+TEJz3S18Yf5cgs/bsxodLasYwrfkrqhtl0Q1khsfTLWWKXCiQdodFa+gKqGIp/9a5/0ZlwlaQOFZu391NBnCYZE9LjBpkTY28oM9x/gLAhNZQ5T67g0UT/Qaya+ln1shrdhpCHIziGU4jgHK7gBmpQBwYSXuEN3oOX4CP4nDPMBQuYh7Ck4OsXYXKXLg==</latexit><latexit sha1_base64="2I8SRL5kEDYMjm1fJ01S5jfzpxU=">AAACBXicZVDLTgIxFO3gC/GFunTTSExcEDLjRt0R3bjERATDIOmUO9DQx6TtGMmEvXu3+guujFu/wz/wMyyPhcBJmnty2pNze6KEM2N9/8fLrayurW/kNwtb2zu7e8X9g3ujUk2hThVXuhkRA5xJqFtmOTQTDUREHBrR4Hp833gCbZiSd3aYQFuQnmQxo8Q66SGMBA6f2aPsFEt+xZ8AL5NgRkpohlqn+FsIu4qmAqSlnBjTCvzEtjOiLaMcRoUwNZAQOiA9aDkqiQDTziYbj/CJU7o4VtodafFE/e/IiDBmKKKym4LY/njavijjSDjzWDFzAYIMQCslXACRFPhCvI0v2hmTSWpB0ml6nHJsFR53grtMA7V86AihmrkPYNonmlDrmiu4aoLFIpZJ/axyWQlu/VL1atZRHh2hY3SKAnSOqugG1VAdUSTQK3pD796L9+F9el/Tpzlv5jlEc/C+/wDyepia</latexit><latexit sha1_base64="dCyOtwT+OnVN+vJFFEjhJcFko/k=">AAACBXicZVDLTgIxFO34RHyhLt00EhMXhMwYE3VHdOMSExEMg6RT7kBDH5O2YySEvXu3+guujFu/wz/wM+wAC4GTNPfktCfn9kQJZ8b6/o+3tLyyurae28hvbm3v7Bb29u+NSjWFGlVc6UZEDHAmoWaZ5dBINBARcahH/evsvv4E2jAl7+wggZYgXcliRol10kMYCRw+s0fZLhT9sj8GXiTBlBTRFNV24TcfdhRNBUhLOTGmGfiJbQ2JtoxyGOXD1EBCaJ90oemoJAJMazjeeISPndLBsdLuSIvH6n/HkAhjBiIquSmI7WXT9kQJR8KZM8XMBAjSB62UcAFEUuBz8Ta+aA2ZTFILkk7S45Rjq3DWCe4wDdTygSOEauY+gGmPaEKtay7vqgnmi1gktdPyZTm4PStWrqYd5dAhOkInKEDnqIJuUBXVEEUCvaI39O69eB/ep/c1ebrkTT0HaAbe9x/zupie</latexit><latexit sha1_base64="dCyOtwT+OnVN+vJFFEjhJcFko/k=">AAACBXicZVDLTgIxFO34RHyhLt00EhMXhMwYE3VHdOMSExEMg6RT7kBDH5O2YySEvXu3+guujFu/wz/wM+wAC4GTNPfktCfn9kQJZ8b6/o+3tLyyurae28hvbm3v7Bb29u+NSjWFGlVc6UZEDHAmoWaZ5dBINBARcahH/evsvv4E2jAl7+wggZYgXcliRol10kMYCRw+s0fZLhT9sj8GXiTBlBTRFNV24TcfdhRNBUhLOTGmGfiJbQ2JtoxyGOXD1EBCaJ90oemoJAJMazjeeISPndLBsdLuSIvH6n/HkAhjBiIquSmI7WXT9kQJR8KZM8XMBAjSB62UcAFEUuBz8Ta+aA2ZTFILkk7S45Rjq3DWCe4wDdTygSOEauY+gGmPaEKtay7vqgnmi1gktdPyZTm4PStWrqYd5dAhOkInKEDnqIJuUBXVEEUCvaI39O69eB/ep/c1ebrkTT0HaAbe9x/zupie</latexit><latexit sha1_base64="dCyOtwT+OnVN+vJFFEjhJcFko/k=">AAACBXicZVDLTgIxFO34RHyhLt00EhMXhMwYE3VHdOMSExEMg6RT7kBDH5O2YySEvXu3+guujFu/wz/wM+wAC4GTNPfktCfn9kQJZ8b6/o+3tLyyurae28hvbm3v7Bb29u+NSjWFGlVc6UZEDHAmoWaZ5dBINBARcahH/evsvv4E2jAl7+wggZYgXcliRol10kMYCRw+s0fZLhT9sj8GXiTBlBTRFNV24TcfdhRNBUhLOTGmGfiJbQ2JtoxyGOXD1EBCaJ90oemoJAJMazjeeISPndLBsdLuSIvH6n/HkAhjBiIquSmI7WXT9kQJR8KZM8XMBAjSB62UcAFEUuBz8Ta+aA2ZTFILkk7S45Rjq3DWCe4wDdTygSOEauY+gGmPaEKtay7vqgnmi1gktdPyZTm4PStWrqYd5dAhOkInKEDnqIJuUBXVEEUCvaI39O69eB/ep/c1ebrkTT0HaAbe9x/zupie</latexit><latexit sha1_base64="dCyOtwT+OnVN+vJFFEjhJcFko/k=">AAACBXicZVDLTgIxFO34RHyhLt00EhMXhMwYE3VHdOMSExEMg6RT7kBDH5O2YySEvXu3+guujFu/wz/wM+wAC4GTNPfktCfn9kQJZ8b6/o+3tLyyurae28hvbm3v7Bb29u+NSjWFGlVc6UZEDHAmoWaZ5dBINBARcahH/evsvv4E2jAl7+wggZYgXcliRol10kMYCRw+s0fZLhT9sj8GXiTBlBTRFNV24TcfdhRNBUhLOTGmGfiJbQ2JtoxyGOXD1EBCaJ90oemoJAJMazjeeISPndLBsdLuSIvH6n/HkAhjBiIquSmI7WXT9kQJR8KZM8XMBAjSB62UcAFEUuBz8Ta+aA2ZTFILkk7S45Rjq3DWCe4wDdTygSOEauY+gGmPaEKtay7vqgnmi1gktdPyZTm4PStWrqYd5dAhOkInKEDnqIJuUBXVEEUCvaI39O69eB/ep/c1ebrkTT0HaAbe9x/zupie</latexit><latexit sha1_base64="dCyOtwT+OnVN+vJFFEjhJcFko/k=">AAACBXicZVDLTgIxFO34RHyhLt00EhMXhMwYE3VHdOMSExEMg6RT7kBDH5O2YySEvXu3+guujFu/wz/wM+wAC4GTNPfktCfn9kQJZ8b6/o+3tLyyurae28hvbm3v7Bb29u+NSjWFGlVc6UZEDHAmoWaZ5dBINBARcahH/evsvv4E2jAl7+wggZYgXcliRol10kMYCRw+s0fZLhT9sj8GXiTBlBTRFNV24TcfdhRNBUhLOTGmGfiJbQ2JtoxyGOXD1EBCaJ90oemoJAJMazjeeISPndLBsdLuSIvH6n/HkAhjBiIquSmI7WXT9kQJR8KZM8XMBAjSB62UcAFEUuBz8Ta+aA2ZTFILkk7S45Rjq3DWCe4wDdTygSOEauY+gGmPaEKtay7vqgnmi1gktdPyZTm4PStWrqYd5dAhOkInKEDnqIJuUBXVEEUCvaI39O69eB/ep/c1ebrkTT0HaAbe9x/zupie</latexit><latexit sha1_base64="dCyOtwT+OnVN+vJFFEjhJcFko/k=">AAACBXicZVDLTgIxFO34RHyhLt00EhMXhMwYE3VHdOMSExEMg6RT7kBDH5O2YySEvXu3+guujFu/wz/wM+wAC4GTNPfktCfn9kQJZ8b6/o+3tLyyurae28hvbm3v7Bb29u+NSjWFGlVc6UZEDHAmoWaZ5dBINBARcahH/evsvv4E2jAl7+wggZYgXcliRol10kMYCRw+s0fZLhT9sj8GXiTBlBTRFNV24TcfdhRNBUhLOTGmGfiJbQ2JtoxyGOXD1EBCaJ90oemoJAJMazjeeISPndLBsdLuSIvH6n/HkAhjBiIquSmI7WXT9kQJR8KZM8XMBAjSB62UcAFEUuBz8Ta+aA2ZTFILkk7S45Rjq3DWCe4wDdTygSOEauY+gGmPaEKtay7vqgnmi1gktdPyZTm4PStWrqYd5dAhOkInKEDnqIJuUBXVEEUCvaI39O69eB/ep/c1ebrkTT0HaAbe9x/zupie</latexit>
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Linear regression-based extrapolation 
is effective, and easy to parallelize

Find next layer:

- Orthogonal neighbors

- Don’t have ref. map yet

⇠ne
<latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit>

⇠ne
<latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit>

⇠ne
<latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit>

⇠ne
<latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit>

⇠ne
<latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit>
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<latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit>

⇠ne
<latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit>

⇠ne
<latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit><latexit sha1_base64="q/wqwdYZ0xpt6VSh3F33ObrvyHM=">AAACB3icdVDLSgMxFM3UVx1fVZdugkVwUcpUBHVXdOOygmOFTi2Z9LYNzWNIMmIp/QH3bvUXXIlbP8M/8DPMtBVaxQPhHs7N4SQnTjgzNgg+vdzC4tLySn7VX1vf2NwqbO/cGJVqCiFVXOnbmBjgTEJomeVwm2ggIuZQj/sX2b5+D9owJa/tIIGmIF3JOowS66RGFAscPbA72YJWoVgpB2Pg4A/5WRXRFLVW4cuP2oqmAqSlnBjTqASJbQ6JtoxyGPlRaiAhtE+60HBUEgGmORy/eYQPnNLGHaXdkRaP1VnHkAhjBiIuuSmI7WXT9kQJx8KZM8XMBQjSB62UcAFEUuC/4m3ntDlkMkktSDpJ76QcW4WzVnCbaaCWDxwhVDP3AUx7RBNqXXf+bDX/k/CofFauXB0Xq+fTjvJoD+2jQ1RBJ6iKLlENhYgihZ7QM3rxHr1X7817n1zNeVPPLpqD9/ENf6yZdw==</latexit>

• First layer touches the solid
⇠n

e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

⇠n
e

<latexit sha1_base64="v8JPgeGTEw42KWtjRba8dsYNlFI="></latexit>

• Later layers use pre-existing 
data

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

⇠n
e

<latexit sha1_base64="k83ennTLReBUXeRrQgulCZRAj0E="></latexit>

• Adapted for domain 
decomposition (via MPI)

• Addresses the issues of 
PDE-based methods
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General 
• Staggered arrangement of 

variables on cell center, 
corners, and faces 

• Custom fluid tracers and IO 
functions for data 
visualization

Fluid 
• Godunov-type upwinding method for 

hyperbolic parts of the Navier-Stokes 
• Marker-and-Cell projection and approximate 

projection method to enforce 
incompressibility 

• In-house Multigrid solver to solve large linear 
system 

Solid 
• Specialized, efficient data structure to 

store extrapolations 
• Solid behavior designs

The devil is in the detail

General 
• Staggered arrangement of 

variables on cell center, 
corners, and faces 

• Custom fluid tracers and IO 
functions for data 
visualization

Fluid 
• Godunov-type upwinding method for 

hyperbolic parts of the Navier-Stokes 
• Marker-and-Cell projection and approximate 

projection method to enforce 
incompressibility 

• In-house Multigrid solver to solve large linear 
system 

Solid 
• Specialized, efficient data structure to 

store extrapolations 
• Solid behavior designs
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Two rotors stirring a box

Parameters are dimensionless


Fluid kinematic viscosity:

Solid shear modulus:

Rotor period:

16

µ = 10�3

G = 1.25

2p2

<latexit sha1_base64="yHVPntcgDWtxoE4+x+lYC3/S7sc="></latexit>



Sedimentation of multiple objects

Parameters are dimensionless


Fluid kinematic viscosity:

Solid shear modulus:

Density difference:

Number of objects:          

Total time: 

17

µ = 6.7 ⇥ 10�3

G = 0.5
Dr = 0.1
30
12

<latexit sha1_base64="lxa+HrD3KFdSbVrpHytrON+ey/A="></latexit>
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Lid driven cavity with soft, 
neutrally buoyant objects

Parameters are dimensionless


Fluid kinematic viscosity:

Solid shear modulus:

Top lid velocity: 

Number of objects:

18

µ = 10�3

G = 0.25
vx = 1
8

<latexit sha1_base64="r7YdEeQCsWj0rzkkMHErVti78Vg="></latexit>
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Lid driven cavity with soft, 
neutrally buoyant objects 

19

Deformation in the reference map

Parameters are dimensionless


Fluid kinematic viscosity:

Solid shear modulus:

Top lid velocity: 

Number of objects:

µ = 10�3

G = 0.25
vx = 1
8

<latexit sha1_base64="r7YdEeQCsWj0rzkkMHErVti78Vg="></latexit>



Finally…

RMT3D is very suitable for FSI problems with many, very deformable 
solids, think active matter, poro-elastic materials. 

Continue work started in practicum at LBL (RMT3D with AMR to model 
fibers, membranes, and other multi-scale FSIs)

I want to thank CSGF for the generous, continuous support over the last 
4 years!

Rycroft C. H. et al., Reference map for Incompressible Fluid-Structure Interaction. J. Fluid Mech. 2020 (in press). 
Valkov B. et al., 2015, Eulerian Method for Multiphase Interactions of Soft Solid Bodies in Fluids. ASME. J. Appl. Mech. 82(4), 041011-041011-14.

Rycroft C. H., Gibou F., 2012, Simulations of a Stretching Bar Using a Plasticity Model from the Shear Transformation Zone Theory. J. Comput. Phys. 5(1) 
2155-79. 

Kamrin K., et al., 2012, Reference Map Technique for Finite-Strain Elasticity and Fluid-Solid Interaction. J. Mech. Phys. Solids, 60(11), 1952-69. 

Selected references
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Movies of Pteropods taken from the Plankton Chronicles Project (vimeo), trematodes from Rafael Martin-Ledo (Twitter), Wright Brothers’ early flight from the British 
Pathé (Youtube), blood flow through heart from Fraunhofer MEVIS (Youtube), emulsion in microfluidics from Tang’s group @ Stanford.


