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e Introduction & motivation
— Active materials & Martensitic transformations (MT’s)
— Shape Memory Alloys (SMAS)

e Atomistic modeling of MT’s
— Temperature-dependent atomic potentials
— Bifurcation & stability investigation of stress-free [Hes

— Hysteretic proper MT between cubi#2 and orthorhombid19 phases

e Computational challenges
— Crystal stability
— Equilibrium path following

— Behavior near bifurcation points

e Summary & conclusions
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e Multi-physics coupling — Crystal structure changes

Magnetostrictive Materials Magnetic Field« Mechanical
Ferroelectric Materials Electric Field «— Mechanical
Shape Memory Alloys Temperature < Mechanical

Martensitic Transformations
Materials on the cusp of an instability

Martensite Austenite
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Tensile behavior of NiTi
(exhibiting the shape memory effect and pseudo—elasticity)

(J. Shaw 1997) Materials Research Science and Engineering Center
at the University of Wisconsin - Madison
www.mrsec.wisc.edu/nano
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e Prevalent austenite and martensite crystals in shape myeatioys

Austenite

Martensite

B2

Cubic

Tetragonal

Orthorhombic

Monoclinic

o,

Objective Develop an atomic model to captupeoper martensitic transforma-
tions such as those found in shape memory alloys
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7(0) =ro+re (0 —1) bb 1060 0010 7 1 0.816
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G; —ref. lattice basis
X [¢] — unit-cell ref. pos.

X [£] - reference pos.

° ° ° ° ° P[«a] — fractional pos.
° ° ° ° °
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Multilattice (Cauchy-Born Kinematics) £ \ E&M
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G, —ref. lattice basis
X [¢] — unit-cell ref. pos.

X [£] - reference pos.
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Multilattice (Cauchy-Born Kinematics) £ \ E&M
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G; —ref. lattice basis
X [¢] — unit-cell ref. pos.

X [£] - reference pos.

° ° ° ° ° P[«a] — fractional pos.
° ° ° ° °
e ———— a=0,1,2,3
° ° ° ° °
° ° ° ° °
° ° ° ° °
° ® ® ® ® —
® o ® o L ° . c . / S[a] — sub-lat. ref. shifts
° ° ° ° °
° ® ® ® * ) s | —
® e ® e ® e ® e ® e z——
° ° ° ° °

G

0 G
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Multilattice (Cauchy-Born Kinematics) £ \ E&M
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G; —ref. lattice basis
X [¢] — unit-cell ref. pos.
¢, ] —reference pos.

P[a] — fractional pos.

a=0,1,2,3

S[a| — sub-lat. ref. shifts
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; — ref. lattice basis
X [¢] — unit-cell ref. pos.
X [4] - reference pos.
P[«a] — fractional pos.
a=0,1,2,3

S[a| — sub-lat. ref. shifts

F — uniform deformation

g; — current lattice basis
x[¢] — unit-cell current pos.

x [£] — current pos.
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X [e] — reference position vector of atomin unit cell ¢

o

Sla] — displacement vector of atom(sub-Ilattice)
a=0,1,2,3

e Current position vector (Cauchy-Born kinematias= 0, 1, 2, 3)
x [o] =F+ (X [o] +S[e])

e Energy density
~ 1
W(w;0) = 5 3 Gaar (1[5 o] :0)
o [¢]

0= (.80 SpL 83}, [16] = (2] - x[l]
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e Equilibrium: 15 DOFs — 6 fromU = U7 and 9 fromS|a/]
oW ou
- 0«
o oW oW
——— =0, ——=0
L OS[1] © 0S|[2] ’
e Stability
— Cauchy-Born stability (local energy minimizer):
u all ou > 0; su = {6U,sS[1],S[2],6S[3]}, dU = sU*
81181]_ Y — Y Y Y Y _ *

— Phonon stability:

(w@ (k))2 >0, Vk,q.
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4-Lattice Bifurcation Diagram £\ E&
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e Hysteretic proper Martensitic transformation betwd#&n& B19
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B2 — B19
Martensitic Transformation
e EXxperimental right stretch tensor e Simulated right stretch tensa? & 1.0)

o B19 °o__ B19
¢ ---0----9 ¢ --"0---=9
—e__ " 1.024 0.0106 0 e _ ? 1.045 0.0173 0
T1®=<=->€5] U= (00106 1.024 0 T1€==->€57 U= {00173 1.045 0
'f_\_\:.___‘_. 0 0  0.9491 .f_\_\:.___'_’ 0 0 09224

—s g AuCd, (Chang, Read (1951)) —s g

1.042 0.0194 0
U= [0.0194 1.042 0
0 0 09178

CuAlINi, (Otsuka, Shimizu (1974))

B19Y

1.025 0.0620 0.0490
U = [0.0620 1.025 0.0490
0.0490 0.0490 0.9587

NiTi, (Otsuka et al. (1971))
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e Crystal structure stability
— Robust stability criterion — phonon spectra

— Efficient numerical evaluation of phonon spectra

e Efficient equilibrium path following
— Reduced set of equations based on symmetry

— Pseudo-arc-length method

e Determine behavior near bifurcation points
— Identify all paths that emerge from a bifurcation point

— Numerical implementation of asymptotic analysis
- Projection operators
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52 W
Compute all eigenvalues of K = 3MN x 3MN
» Computealleig duloul] | )
M—number of atoms per unit cell
N—number of unit cells in crystal
(% % ok .. [ ]
x ok k.- Ao
——
x ok ke A3

— Methods: SVD, LDU, Cholseky, Jacobi, Householder, etc.

— Time complexity:O ([3MN]3). Too slow for large/NV
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Reduction to Block Diagonal Form A
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e In3M x 3M block form

(o)) (xls]) ()
k=| (xT]23]) (x[28)) (x[h
( ) (<E) (k25

Translational periodicityblock-circulant matrix)
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Reduction to Block Diagonal Form A E M
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e In3M x 3M block form

(wBo]) (xan)) (00)
k= () felel) (eps
( ) (&7 [2h]) (x[eh
) \U Translational periodicityblock-circulant matrix) ]
block-Fourier transform )
(K[a™'s])  (0) (0)
K = (0) (K [55]) (0)
(0) (0) (K [&75])

e 3M x 3M block diagonaform —> Time complexity:O ([3M]3 N).
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e Crystal structure stability
— Robust stability criterion — phonon spectra

— Efficient numerical evaluation of phonon spectra

e Efficient equilibrium path following
— Reduced set of equations based on symmetry

— Pseudo-arc-length method

e Determine behavior near bifurcation points
— Identify all paths that emerge from a bifurcation point

— Numerical implementation of asymptotic analysis
- Projection operators
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Solve areduced set of equilibrium equations, e.g.,

e Cubic Phase

U1 = Uz = Uss = a, oW a
Solve:| — = 0.
U12:U23:U31 = 0. da a
a
e Tetragonal Phase A
Uss =c¢, Ui = Uz =a, 1 1 ¢
Solve: oW =0, oW = 0. n
U12 = U23 = U31 = 0. da dc S
e Orthorhombic Phase a
N/
Uirn =a, Uz»xp=0>0, Uss=c¢c, 1 oW oW ¢
U U U 0 SOIVe: %—W — 0, % = 0, a— = 0
12 = U2z = U3z1 = U. a C "
b
a
Advantages:

e Reduce computational effort

e Eliminate singularitie:ear bifurcation points
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Problem following an equilibrium path around a turning point

u A
e Pseudo-arc-length metho(Riks methog ‘ __F /
— known solutionu(6y,) ! ) I AN
— find solutionu(6;1) a “distance”A away L
—>0
— Augment equilibrium equations with “distance” consttain
OW (W(Brr1): O
(( 8;1) n) 0, [u(Or+1) — w(Ok)[I°+(Org1—0k)* = A
— solve for,; andu (6. 1) simultaneously
u
e Also adaptively changé& near turning points "
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e Crystal structure stability
— Robust stability criterion — phonon spectra

— Efficient numerical evaluation of phonon spectra

e Efficient equilibrium path following
— Reduced set of equations based on symmetry

— Pseudo-arc-length method

e Determine behavior near bifurcation points
— ldentify all paths that emerge from a bifurcation point

— Numerical implementation of asymptotic analysis
- Projection operators
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e At a multiple bifurcation point(u., é.):

%212/ IS singular with a null space of dimensiéh > 2.
e Following Triantafyllidis & Peek (1992), (bifurcation amplitude parametér)

2

0(€) = 0o+ 016 + 0,2 + O(£7),

H H o
0 I 17\ &
o=t + (b (85 ) § voter
I=1 I,J=1
1 HY . _ 2‘;{/
where {u, N u} is an O.N. basis for the null space %U—Q
C
Transcritical bifurcation Symmetric bifurcation
{1 0 /,/

— = — 0
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Substitute into equilibrium equatior%f{ = 0, expand, and collect L.O.T.

93W

e Forsymmetric bifurcation: (

H H
Z ;00L& + 302 Z ;& 50 = 0,

J,K,L=1 J=1
d [ 82W(u(6); 6
g .= [ & (u(0);6) b
do oudu
B W /| sxri  BPW (JKL KLJ LJK) I
Errxr = uuuu + vu+ vu+ vu|u,
ou? ou3

(&

C

: . IJ
e Fredholm alternativguarantees a unique
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Need V . 81].2 V _ — 8113 uu
C C
e Generate an O.N. basis f by diagonalizing? o W cR® x R™
(&

N:Span{lll,...,ﬁ}, NL:Span{\lz,...,n?zH}

e Projection operatojQ;;| = [{Jj] : R — N

Y Y

OPW | o+ 1J PBW | 14
vV = — uu
Q@ S QR Q @ e
_ _ non-;irngular
e Solving gives »
1J 311, IJ
__ T T oW
vV = _Q [Q ou2 Q ] Q ous uu.
c
v \ ~ S\ ~ 7
nX(n—H) (n—H)X(n—H) (n—H)x1

WV
nx1
A A AR AR AR AR AR AR AR AR AR AR AR AR AR AR AR AR AR AR AR AR AR AR AR AR AR AR AR
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1J
e &£ ,,, v,and&,, ., are obtainechumerically

e All bifurcating equilibrium paths are found by solving

(041)2 = 1.

M=

H H
Z ;00 Er ks + 302 Z ;€50 = 0,

J,K,L=1 J=1 I=1

e In general there arg” — 1)/2 pairs of solutionga;, 0;) and(—a;y, 65)
e Eachpair of solutions corresponds time symmetric equilibrium path

Symmetric bifurcation

u 02 /2
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e Bifurcation of degree twQH = 2) atBB

Deformation

1.01
T ~< _Cmmm
TS Cmmm
R S+
———e’_‘_—
- M B2
0.99 I ! I I !
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Example of Degree Two Bifurcation/_\ E&
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e Bifurcation of degree twQH = 2) atBB Lot

UZ z

|

1,

e Basis for/\ (translation of certain crystal planes

0.99

Deformation

S

\
0.4

\ \ \ \
0.6 0.8 1 1.2

1

u:[O 0 0 0 0O 0O 0 0693 0 0 07203 0 0 0.0271 o},

2

u:[O 0 0 0 0 0 00271 0 O 0.7203 0 0 0.6931 0 o}
e Resulting bifurcation equations 01(= 0)

—4849.2(v1)® — 19421 (v (@2)?) 4 362(0.02425011) = 0,
—19421 ((a)?aa) — 4849.2(a2)® + 3602(0.0242502) = 0.

e Solutions (four pairs)

B19(1) : aj =1, ay =0,

B19(2) : a1 =0, ag =1,
Cmmm(1) : ar =1, ag =1,
Cmmm(2) : a1 =1, ag = —1,

0 = 66654,
0 = 66654,
02 = 333607,
02 = 333607.
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e Compare numerical and asymptotic results

0.25 »" _, asymptotic
4 Ao
X -3 / ,—"//’
S*[2] x 10 Lt

o1

-
-
——
-
——
-
-
-
-
-

B2

<
\ S~<o
\ -~
\ ~~o
~
\ S~a
0 25 ] N §~~§
- ~_——o
-~ -
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Summary & Conclusions E&M
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Numerical techniques for bifurcation investigation ofratstic material models

e Phonon spectra — important measure of crystal stability
— Block-Fourier transform allows efficient phonon spectvenputation

— Time complexityO ((3M)3N): linear in number of unit cells

e Efficient methods for following equilibrium paths u /A
— Reduce the number of equations by invoking symmetry S ‘ N
k+ 1%
— Pseudo-arc-length method
—0
e Analyze behavior near bifurcation points Symmetric bifurcation

o~

— Numerically assisted asymptotic bifurcation invesimat b2/2

MO MR A A M A M A MR A M AR AR A M A MR MR M A MR MR M A M MR MM
June 21, 2005

DOE-CSGF-2005-p. 25



Engineering

Summary &' ConCIUSIOnS Aerospace E&Mechanics

JIILJIILAMMMMMMJIILJIILJIILAMMMMMMMMMMMUNIVERSITYOFMINN@?@?&LM

e Used these computational techniques to study a new atocmmsiilel
— Temperature-dependent atomic-potentials

— Cauchy-Born kinematics — uniform deformation & internhifts

12 Deformation
Uzz Llo
2
1.1 - »
1/ B2
”23_6_—_—-—'—#_32;_;-:_:'
14 [ N
A B [ ¢ --0"--9
C /\~~_,.\:\.‘
© B19 Cmmm PRAREES2
09 T T T I I .?_\_\:.____.
1 2 3 4 5 =g
—f B19

e l|dentified ahysteretic proper Martensitic transformation
— Cubic austenite phas&@ CsCl-type crystal)
— Orthorhombic martensite phasB19 crystal structure)
— These structures are experimentally observed in SMAR asdAuCd, CuAlNi, and NiTiCu.
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