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Introduction

Time-independent Schrédinger Equation:
HY = £V
The Hamiltonian operator:

H: Lo(XV) = Lo(XY)

1 2 qiq;
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Simplifying the Hamiltonian
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Simplifying the Hamiltonian

D™ = /w(l',...,m’,m—l— 1,...n)
¥(1,

oomom—+1,...n)" -dim+1)---dn

n(n—1) 1

K = E(h1+h2)+
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Anti-Symmetrized Geminal Products

N/2
Yacr =g" = An [] 9(2i — 1,2i)

1=1

p2(Yagp;12,1'2") = "b(ijkl) - oy (1) (2)] - o (1) (2)]*

where «; are the natural spin-orbitals of g and
® dn:{i,j} =1{k, 1} ={2n —1,2n} =: 0 = bloo) = 2cAsm_1(0)
® 0g#£7=bloT) =2cE am 1(0T)
® ogF£T,0€0,5 €T =b(1J1)) = 2N Arpm—2(0T)

° [[(1+ Aot) =) amt™;am_1(0) = %LTT:;am—ﬂ(_ﬁ) = A, 0N,

c=1/apm
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Anti-Symmetrized Geminal Products

Block diagonal form of p,:

p2(Yagp) =

The 1-RDM of ¥4 p:

(n—1) (1)—2\ il Ao _1(T
zEa

=2 li){
zEa

/

\

b(oT)

b(1313)

@+ 2 (1)

o>T i€o

+(2m —1)ay,_1(0)

= nlg) (| + diag

‘ - ‘] ]|) C)‘o)‘Tam—2(57__)

General
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Aufbau-Ansatz for AGP

n/2
U pufbau = An | | 9:(20 — 1,20)

1=1

An iterative scheme may be derived:

1 p+2
A - — 2—2 Pq; + Pos| + P1;Po; iUy
p+29 ¢p (p—l—l)(p—|—2) Zz:;[ 1 2] i;Q 1iL 2j g¢p

Six contributions to the 2-RDM follow:

Dz(f+)2 — F + (Fo+ F}) + (Fs + FY) + Fy + (Fs + FY) + Fg
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Aufbau-Ansatz for AGP

Fy =g(12)g(1'2)|[¢p |

p
R = (5D az 2l

2(p — 2) (g) / DV (4;5)DS) (125; 1'2'4)d3dA4d5+

—
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Aufbau-Ansatz for AGP

1. Release of & only, i.e.,

g; — Zfi(j) ‘a2i—1a2z"

2. Releasing the ordering of the natural orbitals.
gi = Zﬁj(-z) 55?—15%)

(47}, - {0

3. Increasing the number of used geminals to / geminals.

l
v =An H \IJE:Z}Z])D[Q"] (Mz +1... Mi+1)
=1

l
E mj; = M;, E m; =7
1=1

1<j<i
|
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Aufbau-Ansatz for AGP

4. Enforce that no cross-contributions exist, i.e.,

/9i(1,2)gj(2,3)gk(3,4)d2d3 =0<«<1# and j #~ k
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Four Electron Applications

E and O are bilinear functionals:

E:A*(V)x A*(V) - R

ins)=

y> =(zAglyAg)

I:I’

g

H

)

(z,y) — <:v/\g

(x[o,
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Four Electron Applications

Optimization algorithm:
1. Start the calculation from the HF guess via g1 = |¢1¢2| and

g2 = \¢3¢4\-

2. Compute H! and the overlap matrix Oy, .

1

3. Solve the eigenvalue problem for O,, and transform H! by O,,>.

4. Solve the eigenvalue problem for O;%ﬁél Og_lé and set g, to the
lowest eigenvalue-solution. That eigenvalue is the energy of
g1 N\ g2.

5. Repeat 2 through 4 for gs.

6. Repeat 2 through 5 until convergence (10~° Hartree).

- ]
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Four Electron Applications

Problems of the algorithm:
® |nter-geminal dependencies ignored.

- - anc - 5 A 1
® Numerical instability in some cases due to transformation by O~ =.
® Slow linear convergence.

- ]
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Four Electron Applications

Species Euacp FEgrp EC % EC UAGP (g1]92)

Li— -7.44779627 -7.41681880 -0.03103634 99.81 0.983

Be -14.61732472  -14.57233761 -0.04507189 99.81 0.964

BT -24.29376828  -24.23456235 -0.05928717 99.86 0.689

LiH2 -8.01467655 -7.98368439 -0.03109065 99.68 0.901

Li-- - HP -7.93190893 -7.93169893 -0.00021699 96.77 0.687

BeH™? -14.88453406  -14.84960071 -0.03524912 99.10 0.999

(Be---H)™P -14.77527156  -14.77472034 -0.00057408 96.02 0.867
Hes at eq.? -5.77519072 -5.71032168 -0.06487425 99.99 3.14.10~°
Hes at oo” -5.77518966 -5.71032095 -0.06486871 100 3.83-10~ 13
HeH—2 -3.35749691 -3.30402998 -0.05347029 99.99 9.56-10— 6
(He---H)~P -3.35745161 -3.30398420 -0.05346741 100 3.38-10—13

linear H; 2 -1.63425811 -1.57545074  -0.06848456 85.87 0.056
lin. (Hg ---H)—P -1.59624834 -1.53310194 -0.06314640° n/a 7510~ 1°

a CCSD geometry, P Distance was 10° Bohr, CEC not based on FCI but on UAGP
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Conclusions and Outlook

® UAGTP iterative scheme.

® UAGP renders quantitative recovery of electron correlation for 4
electron systems.

® UAGP does not simply collapse to AGP.
® Ground state may be approximated well by a function g A f.
®* BH with frozen core, for further testing.

® Partitioning of molecules into sets of strongly orthogonal
4-electron-functions.
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Born-Oppenheimer Approximation:

Nuclel are stationary.

Simplest anti-symmetric function:

x1(1) - xn(Z1)
1 . .

‘Xl"‘XN‘:m'

Variation over all Slater determinants:

Egr = Hlf /|X1 xn | H|x1 -

||
2| ~
&
-
.Q
—
o
&
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Tensor product of vector spaces V and W over the field K:

VeoW=VxW/{{kv,w)— (v,kw)}

Tensor algebra:

T°V)y=K T"(V)=vVeT™(V) T(V)=Q, ,T (V)

Define alternation operator and symmetrizer:

A

Am
A

AN

ﬁZJEFSgHUPU S = %ZJGFPU
ZAm(V) S = ZSm )

L ]
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Multiplication on A(V):
tAt = At ®t)
Annihilation and creation operators:

atA(V) 5 A(V) =t e AA(V) = Vit 1 fANFEV
ar:T(V) > TW)AV) =>t=0v@t = Vi- f*)t'VfeV

Commutation relations between annihilation and creation operators:

a}al = (05 — )a:;a;z {ay, af} = Opgtiyiy, = 0
&L&q = Opg — ;ro A4 {a’p7 (q} = Opq

ApQq = (5pq — 1)aqap <~ {ap, aq} = Opqlqlp =0

L ]
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Configuration interaction:
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Reduced Density Matrices

Let ¢» be a symmetric or antisymmetric N-particle function. Then,

D¥(55,') = [ Wls,t) (s’ )
X

IS the (integration) kernel to the Reduced Density Operator(RDO) of
order p, or Reduced Density Matrix (RDM). s and ¢ are cumulative
variables with p,q variables, respectively, where N = p + g.

tr D? = (4|)

D? = (D?)*, D? > 0

L ]
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norbs, nags, ...

DPaP(1...p) = X2aP(1...p)

ol is called a natural orbital (norb).
o? is called a natural geminal (nag). Representation of 1 in terms of

natural states:
Let o, 5 be eigenstates of DP, D?. Then,

Y(s,t) =Y ciaf(s)B](¢)

where \!' = \7 = |¢;|°.
Let N/p € N and p odd. Then,

p= Y v |]coob ip+1,... ip+p)

O':(O'l,...,O'N/p)

For p = 1, a unitary transformation of o does not change the

symmetry of ). There is no such result for p = 2.
|
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N -Representability

Let p be a density. Then,
ffp x,y, 2)dydz

f@) =2 | pla)da’

(z,y,2) = /p(z,y, 2)e*/ )
|%P:P

The ¢, are orthonormal. Any p iIs N-representable.

. ]
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N -Representability

In second quantization:

2 PN At A 1 2
ng,)ab — <<‘I" a;'f%) ‘ (alab “I’>) — 5jan§,b) - Dz(a,)jb
2 P At A
Py = (W] aay) - (ataf |0))
= ~ (1 ~ (1 = =)
= 0jb0ia — Oib0ja + 5jan,b) - 5z‘aD§-,b) — 8D + 5z‘bD§-,3 + Dy i

D® > 0, Q(Q) > 0, pP® > ()

. ]
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Aufbau-Ansatz for AGP

n/2
U gufbau = An | | 9i(2i — 1, 2i)

=1
An iterative scheme may be derived:

¢p+2 — AP+2g(17 2)¢p(37 .o, DT 2)

- | ]
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Aufbau-Ansatz for AGP

n/2
U pufbau = An | | 9:(20 — 1,20)

1=1

An iterative scheme may be derived:

1 p+2 p+2
Apia = 1-) Py | (1= Py | AP
o= s (2P (1 2m ) 4

|
L ]
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Aufbau-Ansatz for AGP

n/2
U pufbau = An | | 9:(20 — 1,20)

1=1

An iterative scheme may be derived:

- 1 p+2 p+2
A — 1—> Py 1= Poyi | v
p+2¢p+2 (p + 1)(]? n 2) < Zz:; 1 ) ]z:; 2j ¢p+2

|
L ]
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Aufbau-Ansatz for AGP

D), = Fi + (Fo + F3) + (F3 + F3) + Fy + (Fs + F?) + Fo

F, =g(12)g(1'2')|[¢p |

-] ]
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Aufbau-Ansatz for AGP

D), = Fi + (Fo + F3) + (F3 + F3) + Fy + (Fs + F?) + Fo

Fy = —p/g(12)g*(1’3)D£1)(3; 2') — g(12)g* (2'3) DSV (3; 1')d3

-] ]
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Aufbau-Ansatz for AGP

D), = Fi + (Fo + F3) + (F3 + F3) + Fy + (Fs + F?) + Fo

p \
Fs = (2) / g9(12)g* (34)D{?) (34;1'2")d3d4

-] ]
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Aufbau-Ansatz for AGP

D), = Fi + (Fo + F3) + (F3 + F3) + Fy + (Fs + F?) + Fo

Fy =2 (12’ ) / 9(13)g*(2'4)D{?) (24;1'3) — g(23)g*(2'4)D{?) (14; 1'3)d3d4+
2( ) “(1'4)D{?(24;2'3) — g(23)g* (1'4) D'?) (14; 2'3)d3d4+
p( DM(1,1)DM(2;2) + D2, 2 )D<1>(1;1’)) -

p (DV(2,1") DM (1;2') + DM(1,2) DV (2; 1’))

g

- ]
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Aufbau-Ansatz for AGP

D), = Fi + (Fo + F3) + (F3 + F3) + Fy + (Fs + F?) + Fo

Fs = ( )/D<1> 1;4)D{?(24;1'2") — D{M(2;4)D{? (14;1'2")d4
( ) g*(45)D®)(245; 1'2'3)d3d4d5

( ) g*(45)D®)(145; 1'2'3)d3d4d5

|
- ]
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Aufbau-Ansatz for AGP

D), = Fi + (Fo + F3) + (F3 + F3) + Fy + (Fs + F?) + Fo
F, —(p)D<2>(12-1’2’)|| 12+
6 — 2 P ) g

2(p — 2) (g) / DV (4;5)D{ (125;1'2'4)d3d4d5+

=2
(p 2 ) @ [ 935" (56) DL (1256: 12'34) d3dadsds

|
- ]
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Aufbau-Ansatz for AGP

Since g(34) = >, &iai(3)5i(4),
/ 9(34)9(35)d5 = 3 |&i*5:(4)5:(5).

Also,
D) (12;34) /D<3> (125; 346)5;(5)5; (6)d5d6.

Dueto ). |¢]° =1and |§Z-|2 < 1/2, we can conclude

1 ?
§1)15)”(12;1'2') > / 9(34')*g(3'4") D' (123;1'2'3")d3d3' d4’

_ / g(34')*g(3'4') 9, (1234 . .. p)
4, (1'2'3'4 .. . p)*d3'd4’d3 . . . dp.
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Aufbau-Ansatz for AGP

Since g(34) = >, &iai(3)5i(4),

[ 9309(35)d3 = 3 16503 (5)
Similarly,
—D<2> 12;1'2") /g g9(3'4")D{Y (1234;1'2'3'4")d3d4d3' d4’

p

/ 9(34)" g(3'4') 4, (12345 . .. p)
4, (1'2'3'4'5 ... p)*d3d4d3’'d4’d5 . . . dp.

|
- ]
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Aufbau-Ansatz for AGP

In second quantization:

il = gla, + 5"

gZ(V)T Zg(z)*AT Zg( )*AT

I<v ]>v

av [Taf =TT ola +> o ]!

J#1
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Aufbau-Ansatz for AGP

In second quantization:

ava, [ [ ol =] dlava.+
S o Tala,+> o [T alan+

JF#t JF#1
Zg( i) * H A Z ~()T - (M)T H
JFi kZ{i.j}
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Aufbau-Ansatz for AGP

I ) ) (zg”*néj) -
jF#1i ) JF1
i1#£] k&{1,7}
) ~(s) (7’)) ( 'L)*Hg’r> >
“Q{’L J} Wi
) ~(s) 5?)) ( A(k)‘r (l)’r H @E)
MZ{% J} 1#] kZ{i,5}

In second quantization:

| ai&iakal‘ /\gi> — <1 (Z

(s
(!
gies

2 (11

(]

2]

~.

/—\/—\/—\/'\

)

S

#J
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Aufbau-Ansatz for AGP

1. Release of &; only, i.e.,

g; — Zfi(j) \0421'—1&21'\

2. Releasing the ordering of the natural orbitals.
gi = Zﬁj(-z) 55?—15%)

(87}, = {51} v

3. Increasing the number of used geminals to / geminals.

l
v =An H \IJE:Z}Z])D[Q"] (Mz +1... Mi—{—l)
=1

l
E mj; = M;, E m; =n
1=1

1<j<i
|
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Aufbau-Ansatz for AGP

4. Enforce P, Q conditions on the 2-RDM as well as

(5) (o087 )

5. Enforce that no cross-contributions exist, i.e.,

AN

D®)

p

/gi(la 2)9i(2,3)gk(3,4)d2d3 =0 < 1i# jand j # k
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